ABSTRACT. This paper shows that tmf 1 6 is not a ring spectrum quotient of MO 8 1 6 . In fact, for any prime p > 3 and any sequence X in π * MO 8 , the π * MO 8 -module:
Introduction
Modern methods in stable homotopy theory [EKMM97] make it possible to construct Landweber-Ravenel-Stong elliptic cohomology [LRS95] simply by writing: The resulting spectrum even comes with a ready-made MSpin-algebra structure.
This paper, however, shows that it is impossible to construct topological modular forms [Hop95] in an analogous way from MO 8 . Specifically, for any prime p > 3 and any sequence X in π * MO 8 , the π * MO 8 -module:
is not (even abstractly) isomorphic to π * tmf (p) . So there do not exist MO 8 -module (let alone MO 8 -algebra) isomorphisms:
The underlying reason is that the kernel of the Witten genus tensor Z (p) -in fact π * MO 8 (p) itself-cannot be generated by a regular sequence [Hov08] , and that ring spectra behave in a peculiar way when quotiented by non regular sequences. For example, a ring spectrum E-unlike a ring-changes when quotiented by zero: If x = 0 ∈ π n E then by definition E/x fits into the cofiber sequence:
so E/x splits as a wedge of E and Σ n+1 E.
This helps better appreciate the elaborate known constructions of tmf and its orientations, cf. [AHS01, Hop02, Lur09, Beh13]. It also raises the question of whether there is a general modification of, or alternative to, the ring spectrum quotient construction-one better suited to non regular sequences-which produces tmf from MO 8 in a simple way.
Ring spectrum quotients
Let us briefly recall some basic definitions and results about ring spectrum quotients [EKMM97, Ch. V]. Given a ring spectrum R, an R-module M, and an element x of π n R, the quotient R-module M/xM is the cofiber of the composite:
If x is not a zerodivisor for π * M then:
Write R/x instead of R/xR. Note that the R-module R/x does not necessarily admit the structure of an R-algebra,
For an infinite sequence X = (x 1 , x 2 , . . . ), let M/XM be the telescope of the successive quotients M/(x 1 , . . . , x n ). The ordering of the elements of X does not affect the ultimate outcome [EKMM97, Lem. V.1.10]. If X is a regular sequence for π * M in the sense that each x i in X is not a zerodivisor for π * (M)/(x 1 , . . . , x i−1 )π * (M) then:
If X is not a regular sequence then, as we shall see, the situation is more complicated.
Write R/X instead of R/XR. Note that if R i = 0 for i odd and if X is a sequence of non zerodivisors in π * R such that π * (R/X) is concentrated in degrees congruent to zero mod 4 then R/X has a unique canonical structure of R-algebra, and it is commutative and associative [EKMM97, Thm. V.3.2].
All this reduces labor and increases leisure. For example, the kernel of the Ochanine elliptic genus:
can be generated by a regular sequence X and Landweber-Ravenel-Stong elliptic cohomology may be constructed as an MSpin-algebra simply by writing: 
Results
Let p > 3 be prime and let X be a sequence in π * MO 8 . THEOREM 1. The π * MO 8 -module:
is not (even abstractly) isomorphic to π * tmf (p) .
COROLLARY 2. There do not exist MO 8 -module (let alone MO 8 -algebra) isomorphisms:
PROOF OF COROLLARY 2. If such isomorphisms existed then their underlying π * MO 8 -module isomorphisms would contradict Theorem 1.
The heart of the proof of Theorem 1 is the following lemma.
LEMMA 3. If the π * MO 8 -module:
is rationally isomorphic to π * tmf (p) then X has precisely one element in each degree 4n ≥ 16, no elements in any other degrees, and each of its elements is indecomposable in π * MO 8 ⊗ Q.
Before proving Lemma 3 let us record a simple result which we shall use repeatedly.
LEMMA 4. If E is connective then the map E → E/x induces isomorphisms π
PROOF. The associated long exact sequence looks like:
To simplify notation let R = MO 8 ⊗ Q. Recall that π * R is a polynomial ring over Q with one generator in each degree 4n ≥ 8 while π * tmf ⊗ Q is a polynomial ring over Q with one generator in each degree 8 & 12. So if X failed to satisfy the conclusion of the lemma then:
(1) X would contain an element in degree 8 or 12 or (2) X would contain no element in some degree 4n ≥ 16 or (3) X would contain an element z which, regarded as an element of π * R, was: (a) trivial or (b) decomposable or (c) the second element in some degree which was indecomposable.
Note that to show that π * (R/X) and π * tmf ⊗ Q are not isomorphic π * MO 8 -modules, it suffices to find an element of π * R which vanishes in one module but not the other.
If (1) were true then the element in question would vanish in π * (R/X) but not in π * tmf (p) . If (2) or (3) were true then there would be a least degree d in which one of them was true. Assume the degrees of elements of X are non-decreasing and let X d be the finite subsequence of X obtained by discarding all elements of degree ≥ d. By assumption, then, X d is a regular sequence in π * R. If (3) were true in degree d then the image of z in π * (R/X d ) would be the same as some polynomial in elements degree 8 & 12 in π * R. If this polynomial were nontrivial then z would vanish in π * (R/X) but not π * tmf ⊗ Q. If this polynomial were trivial then the cofiber sequence at that stage would look like:
where E = R/X d . So E/z would split as a wedge of E and Σ d+1 E. The R-module structure of Σ d+1 E would be the same as E (but shifted) so quotienting by further elements of π * R would affect the two wedge summands identically. It would follow that π * R → π * (R/X) was not surjective since it factors through the summand π * E whereas π * R → π * tmf ⊗ Q is surjective. So π * (R/X) and π * tmf ⊗ Q would not be isomorphic π * R-modules PROOF OF THEOREM 1. Let p > 3 and to simplify notation let now R = MO 8 (p) . By Lemma 3 we may assume that X = (x 4 , x 5 , . . . ) where each x n has deg(x n ) = 4n and is indecomposable in π * MO 8 ⊗ Q. Let x 2 and x 3 be elements of π * MO 8 of degree 8 & 12, respectively, which are indecomposable in π * MO 8 ⊗ Q.
Hovey's calculations [Hov08] (cf. [McT12, Thm. 4]) determine the degree-4n component of the indecomposable quotient Q(π * R) = π * R/Aug(π * R) 2 :
Let x n be the first element of X which does not generate the corresponding component Q(π * R) 4n as a Z (p) -module. Such an element must exist since no single element can generate Z (p) ⊕ Z/p as a Z (p) -module. So in fact 4n ≤ 2(p + p 2 ).
• If 4n < 2(p + p 2 ) then Hovey's calculations show that there is an indecomposable element u n of degree 4n in π * R such that the inclusioninduced ring homomorphism:
is an isomorphism in degrees ≤ 4n. Since (x 4 , . . . , x n−1 ) is a regular sequence in the polynomial ring Z (p) [x 2 , . . . , x n−1 , u n ] and since x n is indecomposable of degree 4n, it follows from the associated long exact sequences that in degrees ≤ 4n the π * MO 8 -module homomorphism:
is surjective with kernel the ideal generated by (x 4 , . . . , x n ). By Lemma 4 the same is true of the π * MO 8 -module homomorphism:
Since the quotient ring:
has an indecomposable element of degree 4n ≥ 16, it follows that an indecomposable element in π * R of degree 4n survives to π * (R/X). Subtracting a suitable polynomial in x 2 , x 3 we obtain an indecomposable element of π * R which vanishes in π * tmf (p) but not in π * (R/X). So π * (R/X) and π * tmf (p) cannot be isomorphic π * MO 8 -modules.
• If 4n = 2(p + p 2 ) then Hovey's calculations show that there are elements y n , z n of π 4n R and an element r 12 of the polynomial ring:
of the form:
r 12 = p(z n − y n ) + decomposables such that the inclusion-induced homomorphism T * → π * R factors through the quotient T * /(r 12 ) and the resulting ring homomorphism:
CLAIM. If y is an element of T * such that deg(yx i ) ≤ 4n then:
PROOF. Suppose:
If deg(yx i ) < 4n then a r = 0 for reasons of degree. If deg(yx i ) = 4n and i < n then everything in sight is decomposable except a r r 12 so likewise a r = 0. If deg(yx i ) = 4n and i = n then since by assumption x n is indecomposable in T * /(r 12 ) ⊗ Q, the only way for such an equation to hold is for y to equal 0. So in any case yx i ∈ (x 4 , . . . , x i−1 ). Since x 4 , . . . , x i are generators for the polynomial ring T * , it follows that: y ∈ (x 4 , . . . , x i−1 ) ⊂ (x 4 , . . . , x i−1 , r 12 ) ⊂ T * Returning to the proof of Theorem 1, we conclude from the associated long exact sequences that in degrees ≤ 4n the π * MO 8 -module homomorphism: π * R → π * R/(x 4 , . . . , x n ) is surjective with kernel the ideal generated by (x 4 , . . . , x n ). By Lemma 4 the same is true of the π * MO 8 -module homomorphism:
Z (p) [x 2 , . . . , x n−1 , y n , z n ]/(x 4 , . . . , x n ) ∼ = Z (p) [x 2 , x 3 , y n , z n ]/(x n ) has an indecomposable element of degree 4n ≥ 16, it follows that an indecomposable element of degree 4n in π * R survives to π * (R/X). Subtracting a suitable polynomial in x 2 , x 3 we obtain an indecomposable element of π * R which vanishes in π * tmf (p) but not in π * (R/X). So π * (R/X) and π * tmf (p) cannot be isomorphic π * MO 8 -modules.
